Abstract W. C. Gardiner observed that achieving understanding through combustion modeling is limited by the ability to recognize the implications of what has been computed and to draw conclusions about the elementary steps underlying the reaction mechanism. This difficulty can be overcome in part by making better use of reaction path analysis in the context of multidimensional flame simulations. Following a survey of current practice, an integral reaction flux is formulated in terms of conserved scalars that can be calculated in a fully automated way. Conditional analyses are then introduced, and a taxonomy for bidirectional path analysis is explored. Many examples illustrate the resulting path analysis and uncover some new results about nonpremixed methane-air laminar jets.
INTRODUCTION
1 Introduction "Chemists interested in computer modeling are no longer limited by the constraints of computation. Instead, progress in achieving understanding of the reactions under study is limited by the ability to understand the implications of what has been computed and to draw inferences about the elementary reactions comprising the reaction mechanism. After completion of a modeling study, it is also a serious communication problem to convey the essential resultsand the justifications for the conclusions drawn -to other modeling experts or to the scientific community." [17, p. 2367] The difficulties of interpretation and communication have increased since W. C. Gardiner described them in 1977. Then, direct numerical simulations with detailed chemistry were limited to well stirred reactors and shock tubes; today, they are of one-dimensional (1D) and 2D laminar flames, and even 3D turbulent flames [4, 33, [40] [41] [42] . Yet the primary means of data analysis and presentation have changed little: they are sensitivity and reaction path analyses, line and 2D plots of species concentrations, and scatter plots of probability density functions. Some new approaches are: computational singular perturbations [10, 28, 30] , which is related to principal component analysis, and stochastic particles [5] , which is a random walk approximation to a Markov process representing the kinetics.
This paper examines the preparation of reaction path analyses and diagrams from multidimensional fluid dynamics calculations. Since the power of an analytical technique grows with the ability to apply it consistently and easily, the emphasis is on systematic approaches that can be accomplished wholly in software. Several examples uncover new facts about nonpremixed methane-air laminar jets. This is the plan of the paper. Section 2 considers integral path analysis based on a conserved scalar approach to reaction fluxes. Section 3 introduces conditional analysis that is specific to certain flame zones. Section 4 considers analyses that capture the reversible nature of chemical reactions. It is found that there are several ways to calculate reversible integral fluxes, each with a different interpretation. Section 5 describes the software that created the reaction path diagrams in this paper. Section 6 summarizes the results. An Appendix briefly describes the simulations from which the examples are drawn.
nodes are the chemical species. An edge connects two species if a reaction moves material from one to the other; the edge is drawn as an arrow from the reactant to the product. (This paper uses arrow, edge, and path interchangeably.) Diagrams that have edges connecting the same pair of species in opposite directions are discussed in Section 4.
To ground this discussion in a survey of actual practice, Figures 1 and 2 show reaction path diagrams from all fourteen papers that used them in Combustion and Flame during 2000. The diagrams are reproduced with their original captions and references to the originating authors.
Most diagrams are of a kind called "schematic" [11, p. 421 , fig. 1 ] [34, p. 458, fig. 4 ] [44, p. 121, fig. 8 .7] because they depict chemical mechanisms. Their arrows show the theoretically possible reactant-product dependencies provided by the elementary steps. Figure 1 contains examples of these. Thicker arrows may be used to indicate more important steps.
The diagrams of interest in this paper are those whose arrows impart quantitative information, as in Figure 2 . The purpose of these diagrams, in contrast to schematics, is to prioritize the paths in a specific flame. Fluid dynamics modulates the chemistry by determining which reactions can progress and in what quantity. The thickness of an arrow may indicate the rate of material exchange among species.
In actual practice, several methods are used to determine the path weights. (This paper uses thickness, weight, and width interchangeably.) In Figure 2 (a) the arrow thickness represents the molar flux of carbon-bearing species. In Figure 2 (b) it represents the percent of all chlorine atoms in the system that react through the path. In Figure 2 (c) the arrow thickness is based on sensitivity analysis [27, p. 606] . In Figure 2 (d) it is the integral over the flame of the reaction rate of progress responsible for the path [29, pp. 269-270] . Since more than one reaction may account for the same arrow, this diagram has parallel arrows among some pairs of species. Lastly, the path weights in Figure 2 (e) are not explained in [50] . Path analysis has an inherent indeterminacy when it is based on consumption or production of species, or on reaction rates of progress. The molar rate of consumption or production of species sp k in reaction i is ν i,k q i , where ν i,k (nondimensional) is the stoichiometric coefficient and q i (mol/cm 3 s) is the reaction rate of progress. Reactions such as
give the path CH 3 → C 2 H 6 two weights: proportional either to 2q i if the consumption of CH 3 is used, or to q i if either the production of C 2 H 6 or the rate of progress is used. The ambiguity can be seen in Figure 2 (d) where the arrow into C 2 H 6 is twice thicker than the arrow out, and similarly in Figure 2 (a) for the species CF 2 =CH 2 . In contrast, Figure 2 (b) has no ambiguities because its weights are consistent with atomic conservation.
Reaction Flux of Conserved Scalars
This paper equates reaction flux with the "flow" of a conserved scalar through species due to reactions. Therefore each reaction path analysis is specific, for example, to a single element, typically carbon, nitrogen, or oxygen. With this in mind it is straightforward to determine the amount of material transformed by a reaction. Suppose reaction i occurs,
in some infinitesimal region of space with volume dV (cm 3 ). Let the nondimensional coefficient n i (C, CH 4 , CH 3 ) be the number of carbon atoms that a single forward instance of reaction i moves from CH 4 to CH 3 . For the stated reaction with the usual convention that the forward direction is from left to right, these numbers are n i (C, CH 4 , CH 3 ) = 1 while n i (C, CH 3 , CH 4 ) = −1. A reaction path diagram for carbon then will have an edge between CH 4 and CH 3 whose contribution from reaction i in this region of space is n i (C, CH 4 , CH 3 ) q i dV . In aggregate (over the reactions and region of interest), atoms of element e move from species sp 1 to species sp 2 at the rate
where the summation is over all reactions, and V is the whole region of space. This number N (e, sp 1 , sp 2 ), or some scaling of it, becomes the width of the edge between species sp 1 and sp 2 . The sign of the number determines the direction of the arrow: if positive then sp 1 → sp 2 , if negative then sp 1 ← sp 2 . The conserved scalar approach gives reaction path diagrams the following properties. Property 1. The amount of material removed from the species at the base of any path equals the amount contributed to the species at the head.
Property 2. The sum of the thicknesses of all paths into a species equals the sum of the thicknesses of all paths going out.
For species that flow into or out of the system, property 2 must also include boundary sources and sinks.
Ambiguous Elementary Reactions
The values of the coefficients n i (e, sp 1 , sp 2 ) equal ±1 for many elements and reactions. Ambiguities do occur when the chosen element, e, is found in two reactants and two products. For example, the reaction in equation (1) removes a hydrogen atom from methane and binds it to the free hydrogen atom, resulting in the following redistribution of atoms.
Without the knowledge that this is a hydrogen abstraction reaction, the following redistribution also is plausible because it too conserves atomic balance.
Some early papers [8, 32] provide graphical depictions of reactions from which the disposition of individual atoms can be determined. As in this example, however, the usual manner of stating elementary reactions, by naming just their reactants and products, does not provide sufficient information to determine the numbers n i (e, sp 1 , sp 2 ). Unfortunately, only this minimal information is included in the standard CHEMKIN [26] description of chemical mechanisms. Table 1 indicates the level of ambiguity in some well known reaction mechanisms. Selecting the numbers n i (e, sp 1 , sp 2 ) is equivalent to choosing a decomposition of the reacting molecules. The most general bimolecular reaction is a double exchange,
where A, B, a, b are molecular fragments. Of the many such ways to express the four species in the reaction, there may be some in which one of a or b is absent. If this is so, then the reaction may actually be a single exchange,
In either case, once the fragments have been identified, it is straightforward to determine the four coefficients for this reaction, n i (e, Aa, Ab) n i (e, Aa, Ba) n i (e, Bb, Ab) n i (e, Bb, Ba) .
For example, n i (e, Aa, Ab) is the quantity of element e in fragment A. In the absence of additional information an algorithm must be used to choose among the alternative species fragmentations. The following heuristic rules are used in this paper. Rule 1. Prefer single exchanges over double exchanges.
Rule 2. Among single exchanges, prefer those that shuffle the fewest atoms, and among these with the same quantity of atoms, prefer those that shuffle the least atomic weight.
Rule 3. If possible preserve carbon-oxygen bonds by avoiding exchanges that separate carbon and oxygen atoms or that transfer a single carbon atom.
These rules may well be incorrect for some reactions. For methane chemistry and carbon, nitrogen and oxygen, the ambiguities typically involve minor species whose reactions do not significantly contribute to the path weights. Thus the resolution of ambiguous cases has little impact on the analyses presented in this paper. Nevertheless this issue is generic to reaction path analysis and should be addressed with each new application.
Example: Fuel Nitrogen
The first set of examples compares "schematic" reaction path diagrams with those determined from flame simulations. These examples make the point that ranking the importance of several competing paths is not a purely chemical question but depends on which reactants the fluid can bring together in quantity to create a large reaction flux. Figure 3 displays a standard schematic of ammonia oxidation. It is redrawn in Figure 4 with paths determined from the ammonia-seeded, methane diffusion flame calculation that is described in the Appendix. The path thicknesses are calculated by equation (2) for the element e = N. Based on this data, the paths through N are the most important. Note that ammonia is the ultimate source of the atomic nitrogen in this flame. Molecular nitrogen also could be a source, but nitrogen dilution of the fuel limits the temperature to barely more than the 1800 K needed for the thermal (Zeldovich) mechanism. The prompt (Fenimore) is not a major contributor here but the carbon chemistry does play a role.
The unterminated arrows in Figure 4 are paths through carbon-nitrogen species. The complete nitrogen reaction path diagram is shown in Figure 5 . Evidently some nitrogen atoms cycle between carbon-bearing and carbon-free species before leaving the flame as either nitric oxide or molecular nitrogen. The reactions responsible for the various paths are identified in [39] . A stochastic particle analysis of the computational results is given in [5] . There, the cycling in the path diagram is found to correspond to a spatial migration of nitrogen atoms that alternate between different molecules on the rich and lean sides of the diffusion flame sheet while flowing from the base to the tip.
Conditional Reaction Path Analysis

Integrating over Subdomains
Reaction paths can be qualified by various conditions. Equation (2) expresses the fluxes as volume integrals over a region of space. If the integration is limited to part of the region, then the integration is premised by the condition that picks out the desired subregion. These conditional reaction path diagrams are helpful in elucidating fluid-chemistry interactions. A diagram may be conditioned by some property of the fluid, which permits an investigation of the flame chemistry supported by just that fluid regime.
Moreover, for a condition giving a certain fluid property, the complementary condition can be used to create a second diagram. Comparing the two diagrams then reveals how the fluid property in question affects the flame chemistry. An effective way to compare two diagrams is to draw them coincidentally. In this approach, the two diagrams share the same nodes, but their arrows are drawn in different colors.
Example: Conditioned by Stoichiometry
The first example of conditional reaction path diagrams contrasts the carbon chemistry on the fuel and oxygen rich sides of a methane diffusion flame. This requires conditions that identify the lean and rich mixtures.
For combustion in which there are two identifiable streams, it has become customary to measure the extent of mixing, at any given point in the fluid, by a mixture fraction of the atoms that originate in one stream. The fraction may be a ratio either of moles [23] or more commonly of masses [7] in which case it is given the symbol ξ. However, several different formulas have been given for ξ, see for example [38, p. 578, eqn. 5.3] and [44, p. 133 , eqn. 9.9], so evidently it is not straightforward to determine mixture fractions conclusively from the quantities available in a flame calculation.
It is more convenient to use the following simple expression. Let {e} be the molar concentration of element e at a point in the mixture (all the atoms in all the molecules), and similarly let z e be the elemental mole fraction (note Z e is already used for the elemental mass fraction [44] ). The ratio,
varies from 0 in mixtures with only oxidizer atoms, through 1/2 at stoichiometric mixtures, to 1 in mixtures with only fuel. Therefore the conditions ψ <, =, and > 1/2 respectively identify lean, stoichiometric, and rich mixtures in any hydrocarbon-air fluid. This ψ is similar to but different from the fuel equivalence ratio, φ, which is a mass ratio and includes nitrogen. The coefficients in ψ are the quantities of bonds for the various atoms. Diffusion flames are known to lie at or slightly to the rich side of the stoichiometric zones in their mixtures. Figure 6 (a) confirms this for the flame described in the Appendix. The temperature can be seen to peak just to the rich side of the stoichiometric surface. Moreover, it is known that the flame's alignment is reflected in the chemistry. In the earliest fully 2D simulations of diffusion flames with detailed chemistry, Smooke et al. [38, p. 581] observed that CO 2 forms only in the lean, outer layers. They explained the phenomenon by an analysis due to Westbrook and Dryer [38, p. 580 ] [46] .
The observation of Smooke et al. can be strengthened by conditional reaction path analysis. Figure 7 displays conditional carbon reaction path diagrams for the lean and rich sides of the flame in Figure 6 . The condition ψ < 1/2 determines the lean paths which are colored blue, while ψ > 1/2 determines the rich paths which are colored red. These diagrams both graphically depict the observation of Smooke et al. and support a stronger conclusion. The final step, CO → CO 2 , occurs almost completely on the lean side, while all other reactions involving carbon-bearing species occur almost completely on the rich side. Thus the stoichiometric surface corresponds to a dichotomy in the oxidation chemistry that neatly separates the final reaction step from all the others.
Example: Conditioned by Downstream Distance
The second example of conditional reaction path diagrams compares the reactions at the base with those further downstream in a laminar jet diffusion flame.
These flames have a rich spatial structure [6] . To examine whether this hypothesis may be true, Figure 9 displays carbon reaction path diagrams for the lower and higher parts of the flame. The condition z ≤ 1 determines the lower paths which are colored red; the condition z > 1 determines the upper paths which are colored blue (z is the axial coordinate of position). This picture reveals that the major carbon pathways are mirrored above and below the z = 1 cm altitude. The only difference apparent among the major paths is the slightly disproportionate emphasis of the final step CO → CO 2 indicating that some carbon monoxide produced at the base is consumed further above. Given the complicated spatial structure of the flame, reaction path diagrams conditioned on individual flame zones may be quite different. In bulk, however, Figure 9 shows that reaction paths at the base are qualitatively, and nearly quantitatively, the same as those downstream.
4 Bi-directional Reaction Paths
Five Types of Path Diagrams
This section examines using reaction path analysis to represent the reversible nature of reactions. It is surprisingly complicated to determine weights that convey the most useful information. Following a technical analysis of modifications to the weight formula, the possibilities are illustrated by studying chain branching.
In equation (2), the sign of the reaction rate of progress, q i , may vary over the computational domain. The changes can occur because the rate of progress is a difference of rates for the reaction's forward and reverse directions, q i = q
where pos(·) is a function whose value is its argument if that is positive, and is zero if negative. Equation (5) can be written more simply if the forward and reverse directions are considered to be separate reactions with rates of progress q and with coefficients n i and −n i , respectively. Let n i and q i be the coefficients and rates of progress of these unidirectional reactions. (They number twice the reversible reactions, but the same subscript, i, is used for both.) This notation simplifies equation (5) to
where i ranges over the unidirectional reactions. Similarly, the reverse direction has negative weight,
0 (e, sp 2 , sp 1 ) .
Note the forward and reverse weights coalesce to equation (2) ,
0 (e, sp 1 , sp 2 ) .
The constituent weights have been labeled with a subscript 0 because they are the simplest generalizations of equation (5) . The resulting "type 0" reaction path diagrams coalesce no opposed fluxes and so display the widest possible paths. Different degrees of coalescence can be obtained by using either reversible (n i , q i ) or unidirectional ( n i , q i ) quantities in Equations (6) and (7), and by permuting the order of the operators , and pos (or neg) in the formulas. There are 2 choices of quantities and 3! = 6 permutations of the 3 operators, resulting in a total of 12 choices. Many choices give the same fluxes due to the following algebraic identities: = , pos n q = pos n q , n q = nq .
Altogether, there are only five distinct sets of reaction path weights.
(type 0) pos n q = pos n q = pos n q Type 0. pos n q, not coalesced. These are given by equation (5). Bidirectional arrows always occur for this case because the forward and reverse parts of each reaction are treated separately.
Interestingly, the remaining cases can be formulated without decomposing reactions into forward and reverse parts. 
Example: Chain Branching
Chains of reaction steps that produce and consume radical populations underlie all combustion processes. This example uses bidirectional path diagrams to investigate chaining reactions.
Chain branching is usually discussed with reference to a specific fuel, but since the common ingredient is the oxidizer, Figure 10 displays path diagrams for oxygen in the flame used as an example throughout this paper. All five types of path analyses in the taxonomy are shown. The scale of Figure 10(a) is not the same as the others because type 0 diagrams show both directions of reversible reactions so they have much thicker arrows. Some opposed paths are so thick that it is difficult to see the net direction or smaller paths. From this it is clear a more useful indicator of bidirectionality is the type 1 diagram which coalesces the forward and reverse direction of each reaction.
Only two paths have large opposed directions, O 2 ↔ HO 2 and OH ↔ H 2 O. The similarity of the diagrams of types 1 and 2 in Figure 10 , and again of types 3 and 4, indicates that most of the reversibility is due to different reactions. Table  2 lists the major reactions that account for each arrow in Figure 10 (b). This shows that the bidirectional path O 2 ↔ HO 2 consists of the third-body assisted step H + O 2 → HO 2 that is reversed by three parallel reactions
The other major bidirectional path, OH ↔ H 2 O, is surprisingly strong in a direction that consumes a final product. Table 2 shows that the forward path reacts OH with molecular hydrogen and to a lesser extent with methane and formaldehyde, while the reverse reacts water with oxygen atoms and to a lesser extent with hydrogen atoms. Some of the most active radicals thus are lost in decomposing water. The path that consumes water occurs on the centerline below the middle flame sheet shown in Figure 6 (b). This is a very warm region where some mildly endothermic carbon reactions also occur [39] . Figure 10 reveals the interesting fact that virtually all oxygen atoms pass through hydroxyl. Thus the diagram divides into paths below OH mostly involving carbon species and forming final products, and paths above OH caused mostly by hydrogen-oxygen chain branching. Since the chaining reactions are vigorous and occur among just a few species, they are likely to work at cross purposes. It is therefore a priori uncertain which reactions predominate in an actual flame. Table 3 lists the hydrogen-oxygen reactions found in Table 2 prioritized by their contribution to the type 1 paths of Figure 10 (b). Many of these reactions have been cited in discussions of hydrogen oxidation [19, 43, 44, 48] , however, one has been overlooked and another unexpectedly reverses direction.
Software Tools
Software to display reaction path diagrams is freely available from the authors [14] . Preparing reaction path diagrams from computer simulations divides naturally into three parts.
The first step evaluates integrals (or conditional integrals) of reaction rates of progress over the simulation domain. For example, the diagrams in Figures 4 , 5, 7, 9, and 10(e) require Equation (2)'s volume integrals,
The integrals V q i dV are best performed in the software framework of the fluid simulation where the data structures for the mesh and dependent variables, and the software to evaluate the reaction rates of progress, are available. The resulting integrals are simply a list of numbers, one for each reaction, that can be written to a small file. Second, the integrals V q i dV must be combined in Equation (8) with the coefficients n i (e, sp 1 , sp 2 ) to give the path weights N (e, sp 1 , sp 2 ). This is straightforward provided the coefficients are known. A function is available for use in the python scripting language [1] that determines the coefficients by the method of Section 2.3, for a given element e and a given chemical mechanism. The coefficients are listed by species pairs, (sp 1 , sp 2 ). For each such pair, there is a sublist of reaction indices, i, and coefficients, n i , that contribute to the path sp 1 → sp 2 . When combined with the integrals, the result is a list of paths consisting of two species names, (sp 1 , sp 2 ), and a weight for the path, N (e, sp 1 , sp 2 ). This again is a short list of alphanumeric data that can be written to a file.
The final step is to draw the path diagram given the species names and the weights of the paths. Some care must be taken at this step to best communicate the information contained in the data. The chemical networks can be arbitrarily complex with the resulting diagrams potentially dominated by hundreds of insignificant edges connecting trace species. It is usually necessary to explore diagram layouts by varying the edges shown (level of detail) and the placement of nodes. As in this paper it is also helpful to draw several diagrams in the same format to facilitate comparison.
There are visualization tools for directed graphs, such as GraphViz [15] , that automatically place nodes and route edges. These software tools arrange graphs to minimize visual complexity subject to constraints on the extent to which edges may curve around parts of the diagrams. The disadvantage for drawing reaction paths is that each data set generates a unique layout. Visual comparisons between similar data sets becomes difficult even for chemical systems of only moderate complexity.
A graph drawing tool has been developed with a graphical user interface to allow a level of user control more appropriate for reaction path diagrams. The nodes are placed on a drawing "canvas" and may be interactively manipulated with the edges dynamically following the nodes as they are adjusted. The resulting diagrams can be edited, saved, redrawn with new datasets, and exported to postscript format. The software is available at [13] and was used to generate all of the reaction path diagrams in this paper.
Conclusion
Current practice regarding integral reaction path analysis is surveyed. An approach based on a definition of chemical or reactive flux in terms of conserved scalar quantities is described at length, including methods to overcome the indeterminacy resulting from CHEMKIN-style specifications of elementary reaction steps. Conditional reaction path analysis is introduced and used to examine the carbon chemistry of nonpremixed methane-air laminar jets. It is found that the stoichiometric surface divides the final carbon oxidation step from the others, and contrary to what might be inferred from the literature, there is no significant difference between the paths active at the ignition point and further downstream. Further, path analyses that reveal the reversible nature of elementary reactions are examined. It is found that five unique analyses are possible, which can be distinguished by whether they indicate reversibility occurs at different spatial locations or is caused by elementary steps acting in opposition at the same location. Reversible oxygen paths in a nonpremixed methane-air laminar jet are found to channel virtually all oxygen through the hydroxyl radical, to expend large radical populations in decomposing water, and to involve some chaining reactions not discussed in combustion textbooks.
Appendix. Simulation Data
This paper's examples are produced from two-dimensional simulations of a nonpremixed methane-air laminar jet, otherwise known as a Burke-Schumann flame [9] . An earlier paper [39] describes the simulations and compares them with experimental data.
Briefly, the flame burns at the base of a vertical quartz tube that has a radius of 1.4 cm and an axial length of 76 cm (only 11 cm are treated in the computation); the fuel nozzle at the lower edge of the tube has an inner radius of 0.6 cm and an outer radius of 0.7 cm. The coflowing oxidizer is a mixture of oxygen and nitrogen at flow rates of 840 and 3160 (mL/min). The fuel is a mixture of methane and nitrogen at flow rates of 150 and 220 (mL/min), respectively. When ammonia is added to the fuel, it is in the amount of 1000 ppm of the total fuel-oxidizer inflow. The nitrogen dilution of the fuel results in a cool flame; the reaction path diagrams presented here may not be representative of hotter flames. The flame is modeled using the chemical mechanism of 66 species and 447 reactions of Glarborg et al. [18] for methane flames with nitrogen chemistry. The algorithm described by Day and Bell [12] is used to advance the reacting flow equations in time to a steady-state. The solution algorithm includes adaptive mesh refinement (AMR) to resolve details of the thin flame structures. The schematic in Figure 3 is here redrawn with nitrogen reaction paths for an actual methane diffusion flame with ammonia seeding. The unterminated arrows represent paths to or from carbon species. The largest reaction flux is NH 2 → NH at 4.2e-6 (mol/s). Only arrows at least 3% of the thickest are drawn. (c) [32] and was redrawn with slight changes in [31] . Figure 3 is here redrawn with nitrogen reaction paths for an actual methane diffusion flame with ammonia seeding. The unterminated arrows represent paths to or from carbon species. The largest reaction flux is NH 2 → NH at 4.2e-6 (mol/s). Only arrows at least 3% of the thickest are drawn. Figure 5 shows the complete diagram. Reactions involving oxygen and hydrogen in Table 2 , which are responsible for many of the paths in Figure 10 , ranked by net flux of oxygen atoms and by reaction rate of progress (RRP). Many but not all of these reactions are found in discussions of hydrogen oxidation: G [19] , T [43] , W [48] , WMD [44] . . . . . . . . . . . . 29 Table 3 : Reactions involving oxygen and hydrogen in Table 2 , which are responsible for many of the paths in Figure 10 , ranked by net flux of oxygen atoms and by reaction rate of progress (RRP). Many but not all of these reactions are found in discussions of hydrogen oxidation: G [19] , T [43] , W [48] , WMD [44] . 
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